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Abstract
Spacetime is modelled by binary relations - by the classes of the auto-
morphisms GL( IC2) of a complex 2-dimensional vector space with respect to
the definite unitary subgroup U(2). In extension of Feynman propagators
for particle quantum fields representing only the tangent spacetime struc-
ture, global spacetime representations are given, formulated as residues using
energy-momentum distributions with the invariants as singularities. The as-
sociated quantum fields are characterized by two invariant masses - for time
and position - supplementing the one mass for the definite unitary particle
sector with another mass for the indefinite unitary interaction sector without
asymptotic particle interpretation.
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1 Introduction
Quantum theory starts with operations[3]. An experiment for quantum struc-
tures probes a ‘diagonalization’ of the operator under question, e.g. of a time
and position translation or of a rotation or of a charge transformation, with
the eigenvalues as possible experimental results, e.g. energy and momenta
and mass or spin or a charge number resp. Therewith, I shall take the radi-
cal point of view that all relevant mathematical structures and tools used in
quantum theories have to have an interpretation in terms of operations, of
monoids, groups and algebras, especially of real Lie groups and Lie algebras,
realized and represented as acting upon sets, especially upon complex vector
spaces with a reality defining conjugation. Representation theory gives the ir-
reducible and - for linear structures - also the nondecomposable action spaces.
Almost all functions, relevant for physics, can be interpreted as arising from
representation structures[13].
Physical events represent spacetime operations, e.g. translations, rotations
and boosts. A quantum mechanical dynamics, implemented by iH (Hamilto-
nian H with eigenvalues E ∈ IR) as basis for the time translation Lie algebra
IR, is a representation of the causal time group D(1) = exp IR, irreducible
for etiE ∈ U(1), e.g. for the harmonic oscillator or for creation and annihi-
lation operators in quantum particle fields. In the Schro¨dinger picture the
time representations in U(1) are realized on a Hilbert space with the scalar
product (probability amplitudes) induced by the time representing U(1). The
wave functions come as position translation representation matrix elements,
e.g. the scattering and bound state wave functions ψ(r) in rotation symmet-
ric problems with rψ(r) ∼ e±ir|Q|, e−r|Q| as compact U(1) and noncompact
D(1)-representations resp. of the radial translation monoid IR+. In quan-
tum mechanics the time translation eigenvalue iE (energy E) and the position
translation eigenvalue Q are in a unique correpondence: E.g., for a constant
potential V0 with −Q22 = E − V0 the scattering case is given by E > V0 with
imaginary eigenvalues ±i|Q| and momentum |Q| whereas the bound states
come with E < V0 - there |Q| cannot be interpreted as momentum.
In analogy to the dynamics for time D(1) = exp IR the representations2 of
the globally symmetric manifold D(2) = exp IR4 as spacetime model[19, 20]
(discussed in more detail below) with the Minkowski translations as tangent
space IR4 will be considered as possible candidates for a spacetime dynamics
time dynamics : repD(1) with D(1) = GL( IC)/U(1)
spacetime dynamics : repD(2) with D(2) ∼= GL( IC2)/U(2)
The spacetime manifold D(2) = D(12) × SD(2) contains as factor for the
causal group D(1) the rank 1 position manifold SD(2) ∼= SO0(1, 3)/SO(3)
with another Cartan subgroup SO0(1, 1) ∼= exp IR. An independent realiza-
tion of both factors in the Cartan subgroups D(1) × SO0(1, 1) of the rank 2
spacetime manifold D(2) is characterized by two continuous invariants.
For particles with mass m, the energy-momenta (q0, ~q) as eigenvalues for
spacetime translations (x0, ~x) are on shell, i.e. q
2 = m2. With Wigner[14],
2
irrepG and repG denotes the (irreducible) representation classes of a group G.
2
particle quantum fields implement definite unitarily the Poincare´ Lie algebra
with the mass m2 = q20 − ~q2 as the translation eigenvalue. In the following
the off shell structures of a propagator, i.e. for q2 6= m2, will be extended
for a complete realization of rank 2 spacetime D(2) with its two noncompact
invariants.
Representation matrix elements3 of a real Lie group are analytic functions
on this group
D : G −→ IC, g(x) 7−→ D(x)
e.g. ~x
r
i sin r for compact spin SU(2) or cosxm for compact axial rotationsU(1)
or both cos xm and t cosh xm for noncompact time D(1). According to the
Peter-Weyl theorem[10, 4], the span of the irreducible representation matrix
elements of a compact Lie group is dense in the continuous functions on this
group.
In a harmonic analysis, representation matrix elements of a group can be
written as Fourier transforms of distributions of their Lie algebra forms, e.g. of
energies or angular momenta values, where the representation characterizing
invariants come as singularities, i.e. as poles of the distributions. This defines
the concept of residual representations. In the following, familiar algebraic re-
presentation concepts[7] like weights, invariants and Lie algebras are translated
into the language of residual representations.
In analogy to Lie groups like the compact U(n) or the noncompact D(1)
also symmetric spaces like the noncompact position manifold SD(2) and space-
time D(2) have linear representations which will be considered in analogy to
the representations of the time group D(1). To construct residual representa-
tions of the rank 2 spacetime manifold D(2) distributions of the energy-mo-
menta q ∈ IR4 (tangent space forms) are used, supported by two invariant
masses q2 ∈ {m20, m23} characterizing the Cartan subgroup D(12)× SO0(1, 1)-
representations for time and position.
2 Quantum Representations of Time
A dynamics is a representation of time, realized in quantum mechanics by the
quantization (anti-) commutators of the quantum algebra generating operators.
In the simplest cases of a harmonic oscillator with Hamiltonian H = p
2
2M
+
m2M x
2
2
for mass M and frequency m or of a free mass point with H = p
2
2M
for frequency m → 0 the time dependent commutation relations of the dual
quantum algebra generating position-momentum pair (x,p) give the time re-
presentation matrix elements
D(1) ∋ et 7−→ D(t) =
(
[ip,x] [x,x]
[p,p] [x,−ip]
)
(t) =


(
cos tm i
Mm
sin tm
iMm sin tm cos tm
)
∈ SO(2)(
1 it
M
0 1
)
∈ U(1, 1)
with the shorthand notation [a(s), b(t)]ǫ = [a, b]ǫ(t − s), ǫ = ±1, valid for all
matrix elements. Those representations arise from the complex irreducible and
3In the following the short ‘representation’ can stand for the more correct ’representation matrix
element(s)’.
3
nondecomposable time representations with creation and annihilation operator
(u, u⋆) and nil- and eigenoperators[15] (b, g, b×, g×) resp.
D(1) ∋ et 7−→
{
[u⋆, u]ǫ(t) = e
tim ∈ U(1)(
[g×, b]ǫ [b×, b]ǫ
[g×, g]ǫ [b×, g]ǫ
)
(t) =
(
1 tiν
0 1
)
etim ∈ U(1, 1)
The quantization opposite commutators implement the Lie algebra of the
basic space endomorphisms, e.g. the Hamiltonians above. For the harmonic
oscillator the U(1)-induced Fock form 〈...〉
F
of the time dependent anticom-
mutators arises as time derivative of the quantization( 〈{ip, x}〉
F
〈{x,x}〉
F
〈{p,p}〉
F
〈{x,−ip}〉
F
)
(t) =
(
i sin tm 1
Mm
cos tm
Mm cos tm i sin tm
)
= 1
im
d
dt
D(t)
For the general quantum mechanical case with iH = i[ p
2
2M
+ V (x)] as basis
for the represented Lie algebra4 logD(1) ∼= IR the time D(1)-representation
matrix elements as the ground state values 〈[a(s), b(t)]ǫ〉 = 〈[a, b]ǫ〉(t−s) of the
position-momentum commutators can be computed from the imaginary and
time translation antisymmetric position commutator
〈[x,x]〉(t) = ∫∞0 dm2µ(m2)i sin tmMm
with a spectral measure µ(m2) for the time translation eigenvalues m ∈ IR
(frequencies, energies), e.g. µ(m2) = δ(m2 − m20) with m20 > 0 for oscillator
and m0 = 0 for free mass point, and p = M
dx
dt
〈
(
[ip,x] [x,x]
[p,p] [x,−ip]
)
〉(t) = ∫∞0 dm2µ(m2)( cos tm iMm sin tmiMm sin tm cos tm ) ∈ repSO(2)
In the case of a compact time development, i.e. representations in U(1) or
SO(2), where there exists a basis of normalizable energy eigenvectors (for the
oscillator build by the monomials of creation and annihilation operator), the
energy measure is definite µ(m2) ≥ 0.
3 Time and Position Translations
3.1 The Lie Groups for the Translations
Translations are formalized by additive groups (vector spaces) IRn. It will be
convenient to introduce a distinguishing notation for the Lie group and the
Lie algebra involved which have an isomorphic Abelian Lie group structure
Lie group D(1) = exp IR = {exx ∈ IR}
Lie algebra IR = logD(1) = {xx ∈ IR}
}
, exp IR ∼= IR
The noncompact group D(1) as universal covering group is locally isomorphic
to the compact one eiα ∈ U(1) = exp iIR ∼= IR/ZZ with Lie algebra logU(1) =
iIR.
4The Lie group to Lie algebra transition G 7−→ logG is denoted with the logarithm log as covariant
functor.
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The groups U(1) and D(1) are - as real 1-dimensional Lie groups - iso-
morphic to the axial rotations SO(2) and the Procrustes5 dilatation group
SO0(1, 1) resp., i.e. the 1-dimensional boosts
compact U(1) ∼= SO(2) = {
(
cosα sinα
− sinα cosα
)α ∈ IR}
noncompact D(1) ∼= SO0(1, 1) = {
(
coshx sinhx
sinhx coshx
)x ∈ IR}
Those orthogonal groups with invariant bilinear forms of the 2-dimensional
vector space they are acting upon, will be called selfdual representations6 of
U(1) and D(1) resp. with the obvious isomorphy (for SO(2) only in the
complex)
definite unitary: SO(2) ∋
(
cosα i sinα
i sinα cosα
) ∼= ( eiα 00 e−iα ) ∈ SU(2)
indefinite unitary: SO0(1, 1) ∋
(
coshx sinhx
sinhx coshx
) ∼= ( ex 00 e−x ) ∈ SU(1, 1)
3.2 Real Operations have Unitary Representations
The algebraic and topological completeness of the complex field IC allows the
definition of the transcendental number e involving ‘exponential completeness’
exp IC = IC \ {0} and, therewith, the exponential transition from local linear
structures (tangent vector spaces, Lie algebras) to global possibly nonlinear
structures (symmetric spaces, Lie groups). Therefore, I will consider repre-
sentations on complex vector spaces only. The complex representations of the
physically arising only real Lie groups or Lie algebras have to be unitary -
definite U(n) or indefinite U(p, q), in order to recognize the realness also in
the representation. Therewith, the complex numbers are always used together
with the canonical conjugation, i.e. as the doubled real field IC = IR ⊕ iIR.
Only for one complex dimension unitarity is unique, characterized by the
real Lie group U(1) = exp iIR. The n unitarities for n complex dimensions go
with the signature: E.g., in two dimensions the U(2)-conjugation of 2 × 2-
matrices can be written as the familiar conjugate transposition which ex-
changes the elements of the skewdiagonal whereas the U(1, 1)-conjugation can
be written with an exchange of the diagonal elements
U(2)-conjugation:
(
α β
γ δ
)
↔
(
α γ
β δ
)
U(1, 1)-conjugation:
(
α β
γ δ
)
↔
(
δ β
γ α
)
=
(
0 1
1 0
)(
α γ
β δ
)(
0 1
1 0
)
3.3 Nildimensions for Noncompact Groups
Noncompact groups have reducible, but nondecomposable representations[2,
15, 12] where the representation space cannot be spanned by eigenvectors only
5Procrustes in the Greek mythology either shrinked or stretched his visitors - tall or short resp. - to
death.
6For a group and a Lie algebra dual representations on finite dimensional dual vector spaces are related
to each other by inverse and negative transposition resp.
5
- there occur also nilvectors, i.e. principal vectors which are not eigenvectors.
The linear operators involved have a Jordan triangular form with nontrivial
off-diagonal entries.
The situation is characterized by the nondecomposable representations of
the group D(1) with an eigenvalue m for ex 7−→ exim which comes multiplied
with an automorphism of the representation space V ∼= IC1+N and can be
written with a nilcyclic matrix MN (nil-Hamiltonian), nilpotent to the power
N + 1
D(1) ∋ ex 7−→ exi(m+MN ) ∼= exim


1 ix
(ix)2
2!
. . .
(ix)N
N!
0 1 ix . . .
(ix)N−1
(N−1)!
. . . . . .
0 . . . 0 1 ix
0 . . . 0 0 1

 ∈ GL( IC1+N)
(MN )
N 6= 0, (MN)N+1 = 0, MN ∼=


0 1 0 . . . 0
0 0 1 . . . 0
. . . . . .
0 0 . . . 0 1
0 0 . . . 0 0


The natural number N is called the nildimension with 1+N the dimension of
the nondecomposable representation. Irreducible representations have trivial
nildimension N = 0 and M0 = 0. For N ≥ 1 the conjugation is indefinite, i.e.
the group image is a subgroup of U(1, 1),U(2, 1),U(2, 2) etc.
An example for nontrivial nildimensions in quantum mechanics is the radial
part ψnL of the bound state wave functions in the hydrogen atom: It is a linear
combination of matrix elements r 7−→ rNe− rk of noncompact representations
of the radial translations with eigenvalue − 1
k
, k = n+ L+ 1
IR+ ∋ r 7−→ DnL(r) = rψnL(r) ∼
(
2r
k
)L+1L2L+1n (2rk ) e− rk
with the Laguerre polynomials L as combinations of radial powers rN .
An example for nontrivial nildimensions in quantum field theory is quan-
tum electrodynamics where the nonparticle components of the U(1)-gauge
field which come in addition to the left and right circularily polarized par-
ticle degrees of freedom (photons), i.e. the Coulomb force inducing degree
of freedom and the so called gauge degree of freedom, are spacetime transla-
tion nilvectors[16, 17], i.e. principal vectors which are no eigenvectors. The
dichotomy between particles and interaction degrees of freedom in the electro-
magnetic potential reflects the compact and noncompact Cartan subgroups in
the Lorentz group SO(2) × SO0(1, 1) ⊂ SO0(1, 3), represented definite uni-
tarily SO(2) −→ U(2) for the photons and indefinite unitarily SO0(1, 1) −→
U(1, 1) for Coulomb and gauge degree of freedom. The nilpotency of the
BRS-generator[1] with power N + 1 = 2 has its origin in the time translation
representation D(1) −→ U(1, 1) for the two nonparticle degrees of freedom
with M1 =
(
0 1
0 0
)
the nil-Hamiltonian which fulfills M21 = 0.
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4 The Spacetime Representation Structure of
Quantum Particle Fields
Particle fields are appropriate to describe free particles, they implement defi-
nite unitary representations of the Poincare´ Lie algebra[14, 9] logSO0(1, 3) ~⊕ IR4.
A particle field, in the simplest case a hermitian scalar massive field Φ,
m > 0, with creation and annihilation operators (u, u⋆)
Φ(x) =
∫ d3q
(2π)3
√
m
q0
exiqu(~q)+e−xiqu⋆(~q)√
2
, q0 =
√
m2 + ~q2
[u⋆(~p), u(~q)] = (2π)3δ(~q − ~p) = 〈{u⋆(~p), u(~q)}〉 = 〈u⋆(~p)u(~q)〉
is characterized by its quantization7, causally supported and on shell
[Φ,Φ](x)
m
= i s(x|m)
m
=
∫ d4q
(2π)3
ǫ(q0)δ(q
2 −m2)exiq = 0 for x2 < 0
and its Feynman propagator adding up the Fock form value of the quantization-
opposite commutator, also on shell
〈{Φ,Φ}〉
F
(x)
m
= C(x|m)
m
=
∫ d4q
(2π)3
δ(q2 −m2)exiq
and the ǫ(x0)-multiplied quantization[5] which has also off shell contributions,
i.e. for q2 6= m2
ǫ(x0)s(x|m)
m
= 1
π
∫ d4q
(2π)3
1
−q2
P
+m2
exiq (principal value P)
〈{Φ,Φ}(x)±ǫ(x0)[Φ,Φ](x)〉F
m
= C(x|m)±iǫ(x0)s(x|m)
m
= ± 1
iπ
∫ d4q
(2π)3
1
q2∓io−m2 e
xiq
The harmonic contributions in the quantization
i s(x|m)
m
=
∫ dq0
(2π)2
ex0iq0ǫ(q0)ϑ(q
2
0 −m2) sin r
√
q20−m2
r
and in the Feynman propagator
C(x|m)
m
± ǫ(x0)is(x|m)
m
=
∫ dq0
(2π)2
ex0iq0


[ϑ(q20 −m2) sin r
√
q20−m2
r
±iϑ(q20 −m2) cos r
√
q20−m2
r
± iϑ(m2 − q20) e
−r
√
m2−q2
0
r
]
show irreducible (definite unitary) time translation representation matrix ele-
ments
IR ∋ x0 7−→ e±x0iq0 ∈ U(1)
With the polar coordinate position translation decomposition
~x ∈ IR3 ∼= IR+ × SO(3)/SO(2)
and the geometrical Kepler factor 1
r
for the sphere surface SO(3)/SO(2)-
distribution, the position radial translation monoid r ∈ IR+ is represented by
7The linear Minkowski spacetime parametrization is used in the notation for (anti)commutators
[A(y), B(x)]± = [A,B]±(x− y).
7
sin r|~q|
r
(spherical Bessel function) with sin r|~q| as matrix element of a compact
group for the quantization s(x|m) and the Fock form function C(x|m). In the
propagator contribution ǫ(x0)s(x|m) there arise the r = 0-singular spherical
Neumann function cos r|~q|
r
which contains cos r|~q| as a compact position trans-
lation representation matrix element. The additional off shell induced Yukawa
contributions displays a representation matrix element of the radial position
translations in a noncompact (indefinite unitary) group
IR+ ∋ r 7−→
{
e±ri|~q| ∈ SO(2)
e−r|Q| ∈ SO0(1, 1)
The off shell contributions with the Yukawa interactions in the Feynman prop-
agator are no definite unitary Poincare´ Lie algebra representation matrix ele-
ments.
The time projection
∫
d3x of quantization and Feynman propagator gives
matrix elements for the representation of time translations in the rest system
of a massive particle
x0 7−→
∫
d3x
(
C(x|m)
is(x|m)
ǫ(x0)is(x|m)
)
=
∫
dEǫ(E)
(
E
m
mǫ(x0)
)
δ(E2 −m2)ex0iE =
(
cos x0m
i sinx0m
i sin |x0|m
)
The analogue position projection
∫
dx0
~x 7−→ 2π ∫ dx0
im
(
is(x|m)
C(x|m)
ǫ(x0)is(x|m)
)
=
∫ dQ
2
(
0
0
ϑ(Q2 −m2)
)
e−r|Q| =
(
0
0
e−rm
r
)
is nontrivial only for the off shell contributions with radial translation repre-
sentation matrix element e−rm in a noncompact group.
Particle fields display in the quantization s(x|m) and the Fock formC(x|m),
both on shell q2 = m2, matrix elements of definite unitary representations
for the translations. The off shell contributions in ǫ(x0)s(x|m) involve ma-
trix elements for indefinite unitary representation matrix elements for position
translations IR3.
5 Homogeneous Models for Time, Position and
Spacetime
5.1 Exponentiating Time Translations
The time translations as a real 1-dimensional vector space x0 = x0 ∈ IR are
isomorphic - as Lie group - to its exponent D(1) = exp IR, the time group.
They constitute the noncompact part (modulus) of the full complex group,
given by the phase classes
time: GL( IC)/U(1) = D(1) = exp IR ∼= IR
8
5.2 Exponentiating Position Translations
In the semidirect Euclidean group SO(3) ~× IR3 the position translations as
a real 3-dimensional vector space IR3 are isomorphic - as vector space with
rotation action - to the Lie algebra of the rotations logSO(3) ∼= IR3. In
the SU(2)-formulation, the rotations SO(3) are representated by the adjoint
action of its covering group SU(2)
SO(3) ~× IR3 ∼ SU(2) ~× IR3, O.~x ∼ u ◦ ~x~σ ◦ u−1
with ~x~σ =
(
x3 x1 − ix2
x1 + ix2 −x3
)
u ∈ SU(2) ⇒ Oab = 12 trσauσbu−1, O ∈ SO(3) ∼= SU(2)/{±12}
In the Pauli representation, the position translations are hermitian 2 × 2-
matrices, i.e. representatives8 of the classes of all complex special matrices
logSL( IC2) ∼= IR3 ⊕ (iIR)3 with respect to the special unitary ones logSU(2) ∼=
(iIR)3
~x~σ = (~x~σ)⋆ ∈∈ logSL( IC2)/ logSU(2)
The global position manifold arises by exponentation, isomorphic as symmetric
space to the classes of the Lorentz covering group SL( IC2) with respect to the
rotation covering group SU(2)
position: SL( IC2)/SU(2) ∼= SD(2) = exp IR3 ∼= IR3
The global symmetric space position SD(2) and its tangent vector space IR3
have a manifold isomorphy only, exp IR3 6= (exp IR)3.
5.3 Exponentiating Spacetime Translations
In the Poincare´ group SO0(1, 3) ~× IR4 the translations IR4 are not isomorphic
to the Lie algebra of the Lorentz group logSO0(1, 3) ∼= IR6. In the SL( IC2)-
formulation, the Lorentz transformations SO0(1, 3) are represented by the con-
jugate adjoint action of its covering group SL( IC2)
SO0(1, 3) ~× IR4 ∼ SL( IC2) ~× IR4, Λ.x ∼ s ◦ x ◦ s⋆
with x = xkσ
k =
(
x0 + x3 x1 − ix2
x1 + ix2 x0 − x3
)
s ∈ SL( IC2) ⇒ Λkj = 12 trσksσˇjs⋆, Λ ∈ SO0(1, 3) ∼= SL( IC2)/{±12}
with Weyl matrices σk = (12, ~σ) = σˇk. In the Cartan representation, the
spacetime translations are hermitian 2× 2-matrices, i.e. representatives of the
classes of all complex matrices logGL( IC2) ∼= IR4 ⊕ (iIR)4 with respect to the
unitary ones logU(2) ∼= (iIR)4
x = x⋆ ∈∈ logGL( IC2)/ logU(2)
Global spacetime arises by exponentation and is given by the classes of the full
group GL( IC2) with respect to the unitary phases U(2), the moduli of GL( IC2)
spacetime: GL( IC2)/U(2) ∼= D(2) = exp IR4 ∼= IR4
8The funny double element symbol means a representative of a coset, i.e. g ∈∈G/H ⇐⇒ g ∈ gH ∈ G/H.
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The causal structure of spacetime is the spectral order[11] of the C∗-algebra
logGL( IC2).
The noncompact symmetric spaceD(2) has - analogue to its compact coun-
terpart U(2) with U(2) = U(12) ◦ SU(2) - a product decomposition into
Abelian causal time groupD(12) and real 3-dimensional position (boost) man-
ifold SD(2)
D(2) = D(12)× SD(2), SD(2) ∼= SL( IC2)/SU(2)
Both symmetric spaces have real rank 2 - also indicated in the notation U(2)
and D(2) - which reflects both the number of independent invariants and the
dimension of a maximal Abelian Cartan subgroup (flat submanifold[7]), arising
as factor of the 2-sphere SO(3)/SO(2) in the polar decomposition
U(2) = U(12) ◦ SU(2) ∼= U(1) ◦ SO(2) × SO(3)/SO(2)
D(2) = D(12)× SD(2) ∼= D(1)× SO0(1, 1) × SO(3)/SO(2)
For the decomposition of the real 4-dimensional tangent spaces (Lie algebra for
U(2)) with the Lie algebra of the Cartan subgroup the sphere factor remains
unchanged
logU(2) = logU(12) ⊕ logSU(2)∼= logU(1) ⊕ [logSO(2)× SO(3)/SO(2)]
logD(2) = logD(12) ⊕ logSD(2)∼= logD(1) ⊕ [logSO0(1, 1)× SO(3)/SO(2)]
The representations of noncompact spacetime D(2) and compact internal
group U(2) are characterized by two invariants from a continuous spectrum
for a Cartan subgroup D(1) × SO0(1, 1) and from a discrete spectrum for a
Cartan subgroup U(1) ◦ SO(2) resp. Minkowski spacetime IR4 in the Cartan
representation by U(2)-hermitian 2 × 2-matrices has the familiar conjugate
adjoint GL( IC2)-transformation behaviour to be compared with the adjoint
action of the compact group U(2) on its Lie algebra logU(2) ∼= (iIR)4
g ∈ GL( IC2), x =
(
x0 + x3 x1 − ix2
x1 + ix2 x0 − x3
)
∈ logD(2) ⇒ x 7−→ g ◦ x ◦ g∗
u ∈ U(2), iα = i
(
α0 + α3 α1 − iα2
α1 + iα2 α0 − α3
)
∈ logU(2) ⇒ iα 7−→ u ◦ iα ◦ u∗
u∗ = u−1
However, in contrast to the decomposition of theU(2)-Lie algebra into Abelian
U(12) and simple SU(2)-contribution, compatible with the adjointU(2)-action,
the decomposition of spacetime D(2) and its tangent space into time and po-
sition is not compatible with the action of the Lorentz group
u ∈ U(2), logU(2) ∋ iα = iα012 + i~α~σ,
{
u ◦ iα012 ◦ u∗ ∈ logU(12)
u ◦ i~α~σ ◦ u∗ ∈ logSU(2)
s ∈ SL( IC2), logD(2) ∋ x = x012 + ~x~σ
in general
{
s ◦ x012 ◦ s∗ /∈ logD(12)
s ◦ ~x~σ ◦ s∗ /∈ logSD(2)
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Both symmetric spaces are parametrizable by exponentiating the tangent
space, e.g. in the polar Cartan decomposition
logU(2) ∋ iα = u( ~α|~α|) ◦ i(α012 + |~α|σ3) ◦ u∗( ~α|~α|)
⇒ exp iα = u( ~α|~α|) ◦ ei(α012+|~α|σ3) ◦ u∗( ~α|~α|) ∈ U(2)
logD(2) ∋ x = u(~x
r
) ◦ (x012 + rσ3) ◦ u∗(~xr ), r = |~x|
⇒ exp x = u(~x
r
) ◦ ex012+rσ3 ◦ u∗(~x
r
) ∈ D(2)
The diagonalization of D(2) and U(2) with the sphere operations
u(~x
r
) =
(
cos θ
2
−e−iϕ sin θ
2
eiϕ sin θ
2
cos θ
2
)
∈∈SU(2)/U(1) ∼= SO(3)/SO(2)
defines {iα0, i|~α|} as Cartan coordinates for the internal group and {x0, r}
(time and radial translations) as Cartan coordinates for spacetime.
Similar to the local-global group isomorphism for time IR ∼= exp IR = D(1)
one has the manifold isomorphy for spacetime IR4 ∼= exp IR4 = D(2). Via their
embedding as future cones D(1) and D(2) are parametrizable with tangent
space IR and IR4 coordinates
t ∈ IR ⇒ D(1) ∋ et = ǫ(s)s ∈ IR+ with s ∈ IR, s2 = e2t
x ∈ IR4 ⇒ D(2) ∋ ex = ǫ(y0)ϑ(y2)y ∈ (IR4)+ with y ∈ IR4,
{
y20 = e
2x0
|~y| = er
5.4 Time in Spacetime
A dynamics in quantum mechanics arises from representations of the time
groupD(1) ∼= exp IR whose representation spaces are realized in the Schro¨dinger
picture by wave functions depending on position translations. The quan-
tum mechanical relevant time structure is a proper substructure of spacetime,
modeled by the homogeneous space D(2) ∼= GL( IC2)/U(2) and represented
by quantum fields. The quantum mechanical energy eigenstates for com-
pact D(1)-representations are embedded as spacetime particles. The strict
future cone with dimension four in flat spacetime being isomorphic to nonlin-
ear spacetime D(2) contains not only the totally ordered 1-dimensional causal
subgroup D(1), it leaves room for a 3-dimensional position submanifold SD(2)
whose noncompact dilatations SO0(1, 1) characterize spacetime interactions.
The particle contributions, unitarily representing D(1), have to be supple-
mented in relativistic quantum theories by nonparticle ones to implement gen-
uine SO0(1, 1)-representations. The nonparticle contributions are a genuine
intrinsic feature of spacetime D(2) without analogue in quantum mechanics.
There the interactions, e.g. the Coulomb potential for atoms, have to be put
in by hand
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time
D(1) = GL( IC)/U(1)
→֒ spacetime
D(2) ∼= GL( IC2)/U(2)
quantum theory quantum mechanics →֒ quantum fields
Cartan subgroup D(1) →֒ D(1)× SO0(1, 1)
full group GL( IC) →֒ GL( IC2)
tangent space
(translations)
IR →֒ IR4
future t = ǫ(t)t →֒ x = ǫ(x0)ϑ(x2)x
IR+ ∼= D(1) (IR4)+ ∼= D(2)
particles
(states)
D(1) −→ U(1) ∼= D(1) −→ U(1)
interactions not intrinsic SO0(1, 1) −→ U(1, 1)
6 Two Continuous Invariants for Spacetime
Representations
Since Yukawa, the unification of a causal time development, characterized by
a particle mass m0 ≥ 0 with a position interaction, characterized by a range
1
m3
, m3 ≥ 0, in one spacetime Klein-Gordon equation for an ǫ(x0)-multiplied
quantization distribution with one mass m ≥ 0
( d
2
dt2
+m20)
e|t|im0
im0
= 2δ(t)
(− ∂2
∂~x2
+m23)
e−rm3
2πr
= 2δ(~x)
}
→֒ (∂2 +m2)ǫ(x0) s(x|m)m = 2δ(x)
with m0 = m3 = m
seems to be an obvious relativistic bonus - all interactions can be interpreted
as particle induced.
Particle fields with a Dirac energy-momentum distribution in their quan-
tization
is(x|m) = ∫ d4q
(2π)3
ǫ(q0)mδ(q
2 −m2)exiq
give by position integration representation matrix elements of the Abelian time
group D(1) ∼= exp IR in SO(2)
D(1) −→ IC
ex0 7−→ ∫ d3x is(x|m) = ∫ dE mǫ(E)δ(E2 −m2) ex0iE = i sin x0m
The appropriate distribution for a representation of the position symmetric
space SD(2) ∼= exp IR3 arises from a derived energy-momentum Dirac distri-
bution
isdip(x|m)
m
= − d
dm2
is(x|m)
m
=
∫ d4q
(2π)3
ǫ(q0)δ
′(q2 −m2)exiq
Time integration leads to a Dirac distribution for the invariant and to SD(2)-
representation matrix elements in SO0(1, 1)
SD(2) −→ IC
e−~x 7−→ 4π ∫ dx0ǫ(x0)sdip(x|m) = ∫ dQ mδ(Q2 −m2) e−r|Q| = e−rm
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The Dirac energy-momentum distribution for time with characterizing 2nd
order differential equation in contrast to the derived distribution for position
with characterizing 4th order differential equation
( d
2
dt2
+m2) e
|t|im
im
= 2δ(t), (− ∂2
∂~x2
+m2)2 e
−rm
4πm
= 2δ(~x)
reflect the different dimensions 1 and 3 of the time groupD(1) and the position
manifold SD(2) resp.
The association of energy-momentum singularities to representation invari-
ants for D(1) (time) and SD(2) (position) resp. is blurred since a decomposi-
tion of the spacetime tangent Minkowski translations IR4 ∋ x = 12x0+~σ~x into
time and position translations is not compatible with the action of the Lorentz
group SO0(1, 3). The Dirac distribution has also a nontrivial projection for
the position SD(2) structure
2π
∫
dx0ǫ(x0)s(x|m) = me−rmr
and the derived Dirac distribution a nontrivial projection for time D(1) repre-
sentations ∫
d3x isdip(x|m) = i sinx0m−x0m cos x0m
2m2
The position projection of the Dirac distribution leads to a Yukawa force which
is no matrix element of an SD(2)-representation - only of its tangent position
translations IR3. The time projection of the derived Dirac distribution leads
to matrix elements of reducible nondecomposable D(1)-representations.
Related to the two Cartan coordinates {x0, r} which reflect the rank 2
of the noncompact homogeneous manifold D(2), i.e. two Abelian subgroups
D(12) (time) and SO0(1, 1) as a dilatation subgroup of the position manifold
SD(2), two invariants {m20, m23} have to characterize the D(2)-representations.
The definite unitary representations D(12) ∋ ex012 7−→ e±x0im0 ∈ U(1) are
characterized by a particle mass m20. A second mass m
2
3 characterizes the
indefinite unitary representation SO0(1, 1) ∋ e±r 7−→ e±rm3 ∈ SU(1, 1) with
an interaction range 1
m3
and without particle asymptotics. There is no group
theoretical reason to identify both scales m20 = m
2
3 - in general, the represen-
tations of spacetime D(2) come with two different scales whose ratio
m23
m20
is a
representation characteristic physically important constant. The ratio of the
characterizing invariants for particle and interaction should be seen in analogy
to the relative normalization of time and position translations
(
τ2 0
0 −ℓ213
)
as
given with the speed of light c2 = ℓ
2
τ2
.
7 Residual Representations
Before the definition of residual representations in general their structure will
be exemplified in the familiar example of the compact and noncompact abelian
groups U(1) and D(1).
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7.1 Residual U(1)×D(1)-Representations
An irreducible representation of the complex Abelian group exp IC can be writ-
ten as residue of its eigenvalue by using the complex Lie algebra forms Q ∈ IC
exp IC ∋ ez 7−→ ezζ = ∮ dQ
2iπ
1
Q−ζ e
zQ, ζ ∈ irrep exp IC ∼= IC
which, with the canonical conjugation, gives for the irreducibleU(1) andD(1)-
representations, necessarily in U(1)
U(1) ∋ eiα 7−→ eiαZ = ∫ dqδ(q − Z)eiαq = ∮ dq
2iπ
1
q−Z e
iαq ∈ U(1)
Z ∈ irrepU(1) ∼= ZZ
D(1) ∋ et 7−→ etim = ∫ dqδ(q −m)etiq = ∮ dq
2iπ
1
q−me
tiq ∈ U(1)
im ∈ irrepD(1) ∼= iIR
with the neutral representations for Z = 0 and m = 0 resp. The integrations
for the compact and noncompact group are related to each other via the Lie
algebras and their forms by multiplication with the imaginary unit i
for compact U(1) (iα, q)↔ (t, iq) for noncompact D(1)
Measures of the integer winding numbers Z as invariants of the compact
group U(1) lead to Fourier series as measured U(1)-representations
µ : irrepU(1) −→ IR, Z 7−→ µ(Z)
meas irrepU(1) ∋ µ 7−→ Dµ ∈ repU(1)
U(1) ∋ eiα 7−→ Dµ(α) = ∑
Z∈Z
µ(Z)eiαZ
The continuous irreducible representation classes for D(1) characterized by
imaginary numbers im have Lebesque measure dm based real valued measures
giving rise to Fourier integrals as measured D(1)-representations
µ : irrepD(1) −→ IR, m 7−→ µ(m)
meas irrepD(1) ∋ µ 7−→ Dµ ∈ repD(1)
D(1) ∋ et 7−→ Dµ(t) = ∫ dm µ(m)etim
where also matrix elements of reducible nondecomposable representations may
occur by using derivatives with respect to the invariant
µ(m) =
∑
N=0,1,...
µN(m)(
d
dm
)N
7.2 The Definition of Residual Representations
Residual representations are complex functions on a real finite dimensional
symmetric space G, e.g. a Lie group, with tangent space (Lie algebra) logG ∼=
IRn, as above for U(1) and D(1) and in the following for SU(2) and SL( IC2)
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and generalized to the position manifold SD(2) and the spacetime manifold
D(2).
The equivalence classes irrepG of the irreducible G-representations are
characterizable by invariants, taken from a rational spectrum for a compact
and from an also continuous spectrum for a noncompact Cartan subgroup. The
weights (eigenvalues) for the symmetric space G are a submodule of the linear
forms9 q ∈ (logG)T of the tangent space x ∈ logG. The invariants {I1, . . . , Ir},
characterizing an irreducible representation, are related to multilinear tangent
space forms (monomials in the weights). Appropriate measures dnq I(q) of
the linear forms, which can be written with a Lebesque measure basis and a
distribution of the tangent space forms (logG)T ∼= IRn lead to matrix elements
of irreducible symmetric space representations
I : IRn −→ IR, q 7−→ I(q)
D :meas IRn −→ irrepG, I 7−→ DI
DI : G −→ IC, g(x) 7−→ DI(x) = ∫ dnqI(q)eixq
The complex generalized functions I(q) have poles at the values for the in-
variants characterizing an irreducible representation, the distributions come
as quotients of two polynomials I(q) = PN (q)
PD(q)
. DI is called a residual represen-
tation of G with I(q) a residual group distribution.
Measured representations for a symmetric space (Lie group) G integrate
irreducible G-representations with a measure drI µ(I) of the invariants
µ : irrepG −→ IR, I 7−→ µ(I)
D :meas irrepG −→ repG, µ 7−→ Dµ
Dµ : G −→ IC, g(x) 7−→ Dµ(x) = ∫ drI µ(I)DI(x)
The product in the algebra of the representation classes repG is implemented
via the convolution of the distributions for the matrix elements of the product
representation
DI1 ⊗DI2 = DI1∗I2
In the following, these general structures will be concretized for the groups
and symmetric spaces relevant for the spacetime model D(2).
7.3 Residual SO(2)× SO0(1, 1)-Representations
The real Abelian group SO(2)×SO0(1, 1) has its irreducible selfdual complex
representations in the two types of 2-dimensional unitary groups, the definite
unitary SU(2) or the indefinite unitary SU(1, 1)
SO(2)× SO0(1, 1) −→
{
SO(2) ⊂ SU(2)
SO0(1, 1) ⊂ SU(1, 1)
e(iα+x)σ
3 7−→ e(iαZ+xδ)σ3
9The linear forms (dual space) of a vector space V are denoted by V T .
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The unitary groups SU(2) and SU(1, 1) define the weights (Z, δ) of the prin-
cipal (compact) and supplementary (noncompact) representations resp.
The principal SO(2) × SO0(1, 1)-weights coincide with the U(1) ×D(1)-
weights ZZ × iIR. An integer eigenvalue pair {±Z} characterizes a selfdual
SO(2)-representation
SO(2) ∋
(
cosα i sinα
i sinα cosα
)
7−→
(
cosαZ i sinαZ
i sinαZ cosαZ
) ∼= ( eiαZ 00 e−iαZ ) ∈ SU(2)
leading to a quadratic natural number valued invariant Z2. An imaginary
continuous eigenvalue pair {±im} characterizes a selfdual compact SO0(1, 1)-
representation
SO0(1, 1) ∋
(
cosh x sinhx
sinhx coshx
)
7−→
(
cos xm i sinxm
i sinxm cos xm
) ∼= ( exim 00 e−xim ) ∈ SU(2)
with a continuous positive invariant m2 ≥ 0
weightsSO(2) = {Z} ∼= ZZ, irrepSO(2) = {|Z|} ∼= IN0
weights (2,0)SO0(1, 1) = {im} ∼= iIR, irrep (2,0)SO0(1, 1) = {m2} ∼= IR+
The new real SO0(1, 1)-weights m ∈ IR (supplementary) in contrast to the
imaginary principal weights im ∈ iIR above come for dimensions n ≥ 2 with
the possibility of indefinite unitary groups. A supplementary SO0(1, 1)-repre-
sentation is characterized by a real continuous eigenvalue pair {±m}
SO0(1, 1) ∋
(
coshx sinhx
sinhx cosh x
)
7−→
(
coshxm sinhxm
sinhxm cosh xm
) ∼= ( exm 00 e−xm ) ∈ SU(1, 1)
with a continuous negative definite invariant
weights (1,1)SO0(1, 1)= {m} = IR, irrep (1,1)SO0(1, 1)= {−m2} ∼= IR−
Residual representations in SO(2) (principal) with invariantsm2 ∈ IR+ can
be formulated by distributions with the q-integration deformed as prescribed
by q2∓ io which for an undeformed integration gives singularities at m2± io =
(|m| ± io)2
e±i|tm| =
∫
d1q [m2]0±(q)e
itq, [m2]0±(q) = ± 1iπ |m|q2∓io−m2
ǫ(t)e±i|tm| =
∫
d1q [m2]1±(q)e
itq, [m2]1±(q) =
1
iπ
q
q2∓io−m2
for SO(2),SO0(1, 1) −→ SU(2), m ∈ ( ZZ, IR)
Residual representations in SU(1, 1) (supplementary) with invariants−m2 ∈
IR− are obtained from residual representations in SU(2) (principal) by the
real-imaginary exchange (it, q)↔ (x, iq)
e−|xm| =
∫
d1q [−m2]0(q)e−xiq, [−m2]0(q) = 1
π
|m|
q2+m2
−ǫ(x)e−|xm| = ∫ d1q [−m2]1(q)e−xiq, [−m2]1(q) = 1
iπ
q
q2+m2
for SO0(1, 1) −→ SU(1, 1), m ∈ IR
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In the transition from the compact to the noncompact representation struc-
ture the invariant ±i|m| has to be replaced by −|m|
for SO(2) ⊂ SU(2) ± i|m| ↔ −|m| for SO0(1, 1) ⊂ SD(2)
The matrix elements for the representations in SO(2) and SO0(1, 1) fulfill
the 2nd order differential equations
( d
2
dt2
+m2)e±i|tm| = ±2i|m|δ(t), ( d2
dx2
−m2)e−|xm| = −2|m|δ(x)
The product representations arise by convolution - for SO(2) with equal
type, either +io or −io - with the supindices {1, 0} adding up modulo 2, e.g.
[m21]
1
± ∗ [m22]1± = [m2+]0±
[−m21]1 ∗ [−m22]1 = [−m2+]0
}
|m+| = |m1|+ |m2|
With the convolution the distributions
irrepSO(2) = {q 7−→ [Z2]1±(q) = 1iπ qq2∓io−Z2
Z ∈ ZZ}
irrep (2,0)SO0(1, 1) = {q 7−→ [m2]1±(q) = 1iπ qq2∓io−m2
m ∈ IR}
irrep (1,1)SO0(1, 1) = {q 7−→ [−m2]1(q) = 1iπ qq2+m2
m ∈ IR}
generate the compact and noncompact selfdual Abelian representations resp.
The neutral representations arise for trivial invariant.
7.4 Residual Representations for Spin SU(2)
If the compact group SO(2) comes as Cartan subgroup in the special group
e−i~x~σ ∈ SU(2) with the Cartan polar decomposition
SU(2) ∼= SO(2)× SO(3)/SO(2)
residual representations employ the forms ~q ∈ IR3 of the tangent Lie algebra
logSU(2) (angular momenta) with the singularities of the distributions de-
termined by the values of the invariant bilinear Killing form ~q2 as singularity
location of a dipole
for SO(2) ⊂ SU(2) : e±ir|m| = ∫ d3q [0, m2]±(~q)e−i~x~q
[0, m2]±(~q) = ± 1iπ2 |m|(~q2∓io−m2)2 , m ∈ IR
This scalar representation and similar integrals can be obtained by derivations
with respect to the invariant m2 and the Lie parameter ~x from the in- and
outgoing spherical waves
∫ d3q
2π2
1
~q2∓io−m2 e
−i~x~q = e
±ir|m|
r
, m ∈ IR, ~x 6= 0
∂
∂m2
= 1
2|m|
∂
∂|m| ,
∂
∂~x
= ~x
r
∂
∂r
, ( ∂
2
∂~x2
+m2) e
±ir|m|
r
= 4πδ(~x)
which, however, are no SU(2)-representation matrix elements because of the
Lie parameter ~x = 0 singularity.
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The scalar matrix elements fulfill 4th order differential equations
( ∂
2
∂~x2
+m2)2e±ir|m| = ∓8πi|m|δ(~x)
Vector valued distributions represent nontrivially the 2-sphere SO(3)/SO(2)
−~x
r
e±ir|m| =
∫
d3q [1, m2]±(~q)e−i~x~q =
∫ d3q
iπ2
~q
(~q2∓io−m2)2 e
−i~x~q, m ∈ IR
leading to the matrix elements of the defining Pauli representation∫
d3q [0, 1]±(~q)e−i~x~q = e±ir∫
d3q [1, 1]±(~q)e−i~x~q = −~xr e±ir
}
←−→ e−i~x~σ = 12 cos r − ~σ~xr i sin r
The spherical dependence ~x
r
replaces the ǫ(x)-dependence for SO(2).
With the Lie algebra additive convolution product of the distributions for
the irreducible residual SU(2)-representations
irrepSU(2) = {~q 7−→ [1, m2]±(~q) = 1iπ2 ~q(~q2∓io−m2)2
|m| = 2J ∈ IN0}
involving the neutral representation for trivial invariantm = 0 one can combine
the matrix elements for all other representations, e.g. the scalar ones with
|m1|+ |m2| = |m+|
xa
r
e±ir|m1|δab x
b
r
e±ir|m2| = e±ir|m+|
[1, m21]±
J ′=0∗ [1, m22]±(~q) = [0, m2+]±(~q)
= ( 1
iπ2
)2
∫
d3q1d
3q2
qa1
(~q21∓io−m21)2
δ(~q1 + ~q2 − ~q)δab q
a
2
(~q22∓io−m22)2
= ± 1
iπ2
|m+|
(~q2∓io−m2+)2
or for the adjoint representation
δab cos 2r +
xaxb
r2
(1− cos 2r) + ǫabc xcr sin 2r
which arises for |m+| = |m1|+ |m2| = 2
xa
r
e±ir|m1| x
b
r
e±ir|m2| = x
axb
r2
e±ir|m+|
[1, m21]±
2J ′=2∗ [1, m22]±(~q) = ( 1iπ2 )2
∫
d3q1d
3q2
qa1
(~q21∓io−m21)2
δ(~q1 + ~q2 − ~q) q
a
2
(~q22∓io−m22)2
In general, the matrix elements of SU(2)-representations come as prod-
ucts of a homogeneous polynomial (spherical harmonics) of degree 2J ′ for the
sphere SO(3)/SO(2)-representation and an expontential for the Cartan sub-
group SO(2) with winding numbers ±2J
{[~x
r
]2J
′
e±ir2J
2J ′ ∈ IN0, 2J ∈ IN0}
[~x
r
]0 = {1}, [~x
r
]1 = {xa
r
a = 1, 2, 3}, [~x
r
]2 = {xaxb
r2
− δab
3
}, . . .
Matrix elements of measured SU(2)-representations use real measures of
the irreducible representations classes
µ : irrepSU(2) −→ IR, 2J 7−→ µ(4J2)
meas irrepSU(2) ∋ µ 7−→ Dµ± ∈ repSU(2)
with the functions on the spin group SU(2)
SU(2) ∋ ei~x~σ 7−→ Dµ±(~x) =
∑
2J=0,1,...
µ(4J2)
∫ d3q
iπ2
~q
(~q2∓io−4J2)2 e
−i~x~q
= −~x
r
∑
2J=0,1,...
µ(4J2)e±ir2J
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7.5 Residual Representations for Position SD(2)
For the position manifold e−~x~σ ∈ SD(2) with the Cartan polar decomposition
SD(2) ∼= SO0(1, 1)× SO(3)/SO(2)
residual representations use the tangent space forms (momenta ~q ∈ IR3) and, in
comparison to SU(2), the tangent space real-imaginary exchange for compact-
noncompact
for SU(2)
{
Lie algebra and forms (i~x, ~q) ↔ (~x, i~q)
invariant ± i|m| ↔ −|m|
}
for SD(2)
As for the Cartan subgroup SO0(1, 1) there exist two types: The com-
pact representations SD(2) −→ SU(2) (principal) with SO0(1, 1) −→ SO(2)
and the noncompact ones SD(2) −→ SU(1, 1) (supplementary) with faith-
ful representations SO0(1, 1) −→ SO0(1, 1). Both are representations of the
homogeneous position manifold in a unitary group, definite or indefinite.
From the Yukawa potential
∫ d3q
2π2
1
~q2+m2
e−~xi~q = e
−r|m|
r
, m ∈ IR, ~x 6= 0
( ∂
2
∂~x2
−m2) e−r|m|
r
= −4πδ(~x)
which, by itself, is no SD(2)-representation matrix element because of the
~x = 0 singularity, one obtains by derivations ∂
∂m2
and ∂
∂~x
the scalar matrix
elements, trivially representing the sphere SO(3)/SO(2)
for SO0(1, 1) ⊂ SD(2) : e−r|m| =
∫
d3q [0,−m2](~q)e−~xi~q
[0,−m2](~q) = 1
π2
|m|
(~q2+m2)2
, m ∈ IR
and the fundamental noncompact residual SD(2)-representations using a vec-
tor valued distribution
−~x
r
e−r|m| =
∫
d3q [1,−m2](~q)e−~xi~q = ∫ d3q
iπ2
~q
(~q2+m2)2
e−~xi~q, m ∈ IR
This has to be compared with the elements in the defining representation
e−~x~σ = 12 cosh r − ~σ~xr sinh r
The scalar matrix elements fulfill 4th order differential equations
( ∂
2
∂~x2
−m2)2e−r|m| = 8π|m|δ(~x)
( ∂
2
∂~x2
+m2)2e±ir|m| = ∓8πi|m|δ(~x), m ∈ IR
In contrast to the spin group SU(2) where the representations of the com-
pact Cartan subgroup SO(2) and the sphere SO(3)/SO(2) go both with dis-
crete invariants 2J ′, 2J ∈ IN0 - arising as degree of the spherical harmonics
and as winding numbers, the continuous invariant m2 ∈ IR+ of the noncom-
pact Cartan group SO0(1, 1)-representation in the case of the position manifold
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SD(2) is taken from a different spectrum as the discrete invariant 2J ′ ∈ IN0
for the sphere SO(3)/SO(2)-representations. Again the convolution products
of the distributions for the fundamental residual SD(2)-representations
irrep (1,1)SD(2) = {~q 7−→ [1,−m2](~q) = 1
iπ2
~q
(~q2+m2)2
m ∈ IR}
irrep (2,0)SD(2) = {~q 7−→ [1, m2]±(~q) = 1iπ2 ~q(~q2∓io−m2)2
m ∈ IR}
define the matrix elements of the SD(2)-representations. The representations
for trivial invariant m = 0 will be called neutral.
Measured SD(2)-representations use real measures of the continuous in-
variants
µ : irrepSD(2) −→ IR, m2 7−→ µ(m2)
meas irrepSD(2) ∋ µ 7−→ Dµ ∈ repSD(2)
with the functions on the position manifold SD(2)
SD(2) ∋ e−~x~σ 7−→ Dµ(~x) =


∫∞
0 dm
2µ(m2)
∫ d3q
iπ2
~q
(~q2+m2)2
e−~xi~q
= −~x
r
∫∞
0 dm
2µ(m2)e−r|m| for rep (1,1)SD(2)
and∫∞
0 dm
2µ(m2)
∫ d3q
iπ2
~q
(~q2∓io−m2)2 e
−~xi~q
= −~x
r
∫∞
0 dm
2µ(m2)e±ir|m| for rep (2,0)SD(2)
The two integrations in measured representation matrix elements go over
the tangent space forms
∫
d3q and the invariants
∫∞
0 dm
2 with the dimensions
3 and 1 of the symmetric space SD(2) and a Cartan subgroup SO0(1, 1) resp.
Matrix elements of reducible nondecomposable representations occur by using
derivatives with respect to the invariant
µ(m2) =
∑
N=0,1,...
µN(m
2)( d
dm2
)N
8 Residual Representations of Spacetime
Matrix elements of representations of a symmetric space (Lie group) can be
formulated as residues for characterizing invariant singularities of their tan-
gent translation (Lie algebra) forms. For the groups U(1), D(1), SU(2) and
the position manifold SD(2), as done in the former sections, this is only a
reformulation of known structures. Residual representations constitute a gen-
uine formulation for the rank 2 symmetric spacetime D(2). Two values for the
Lorentz invariant energy-momentum square q2 characterize the action of the
causal group D(1) and the position manifold SD(2).
Representations of spacetime
D(2) = D(12)× SD(2) ∼= D(12)× SO0(1, 3)/SO(3)∼= D(12)× SO0(1, 1)× SO(3)/SO(2)
will be formulated as Fourier transforms of energy-momentum distributions,
compatible with the action of the Lorentz group SO0(1, 3) on the tangent
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Minkowski spacetime. The two invariant masses characterizing the represen-
tations are implemented via singularities.
The irreducible residual representation matrix elements of spacetime D(2),
parametrizable with causal vectors xϑ(x2) ∈ IR4 in tangent Minkowski space-
time where the two reflected points {±xϑ(x2)} and, equally, their representa-
tion images have to be identified
D(2) ∋ xϑ(x2) 7−→ (m20; 1,−m23)(x) =
∫
d4q [m20; 1,−m23](q)exiq
involve a two factorial energy-momentum distribution
irrepD(2) = {q 7−→ [m20; 1,−m23](q) = 1iπ3 2q(q2P−m20)(q2P−m23)2
m0, m3 ∈ IR}
It describes the Lorentz compatible embedding for the representation of the two
D(2)-factors and involves a simple pole (particle singularity) for the compact
representation of a Cartan subgroup time
for D(12) −→ SU(2) : 1q2
P
−m20
with pole location for ~q = 0: q20 = m
2
0
and a dipole (interaction singularity) for the noncompact representation of the
position symmetric space SD(2) with Cartan subgroup SO0(1, 1)
for SD(2) ⊃ SO0(1, 1) −→ SU(1, 1) : 1(q2P−m23)2
with dipole location for q0 = 0: ~q
2 = −m23
The 2-sphere SO(3)/SO(2) nontrivially representing factor is given by {qj}3j=0
in the numerator.
The Fourier transform of a principal value distribution is the causal Fourier
transform of a Dirac distribution and vice versa∫ d4q
iπ
1
q2
P
−m2
(
exiq
ǫ(x0)exiq
)
=
∫
d4q ǫ(q0)δ(q
2 −m2)
(
ǫ(x0)exiq
exiq
)
The matrix elements of the measured spacetime representations as D(2)-
functions involve a measure for the two continuous invariants
µ : irrepD(2) −→ IR, (m20, m23) 7−→ µ(m20, m23)
meas irrepD(2) ∋ µ 7−→ Dµ ∈ repD(2)
D(2) ∋ xϑ(x2) 7−→ Dµ(x) = ∫∞0 dm20dm23 µ(m20, m23) ∫ d4qiπ3 2q(q2
P
−m20)(q2P−m23)2
exiq
The D(2)-representations are different from the Lorentz compatible po-
sition distributions of time representations as used for the quantization of
the tangent Minkowski spacetime particle fields (Ka¨llen-Lehmann representa-
tions[8]), e.g. for a spin 1
2
massive particle in a Dirac field
particle fields:
∫∞
0 dm
2µ(m2)
∫ d4q
π3
i(γq+|m|)
q2−m2+ioe
xiq, µ(m2) ≥ 0
with probability related spectral measure µ(m2) for the invariant of the definite
unitary representations of the spacetime translations.
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One obtains from the Lorentz scalar spacetime distribution with a simple
energy-momentum pole
(∂2 +m2)
∫ d4q
π3
1
q2
P
−m2 e
xiq = −16πδ(x)
the derivatives ∂
∂m2
with respect to the invariant
∫ d4q
π3
Γ(2+N)
(q2
P
−m2)2+N e
xiq =


∂
∂ x
2
4
ϑ(x2)E0(x2m24 ), N = −1(
∂
∂m2
)N
ϑ(x2)E0(x2m24 ), N = 0, 1, . . .
=
{ −δ(x2
4
) + ϑ(x2)m2E1(x2m24 ), N = −1
ϑ(x2)(−x2
4
)NEN(x2m24 ), N = 0, 1, . . .
and the derivative ∂
∂x
with respect to the Lie parameter
∫ d4q
iπ3
q Γ(3+N)
(q2P−m2)3+N
exiq = x
2


(
∂
∂ x
2
4
)N
ϑ(x2)E0(x2m24 ), N = −1,−2(
∂
∂m2
)N
ϑ(x2)E0(x2m24 ), N = 0, 1, . . .
= x
2


δ′(x
2
4
)−m2δ(x2
4
) + ϑ(x2)m4E2(x2m24 ), N = −2
−δ(x2
4
) + ϑ(x2)m2E1(x2m24 ), N = −1
ϑ(x2)(−x2
4
)NEN(x2m24 ), N = 0, 1, . . .
which involve the Bessel functions JN with ξ ∈ IR
EN( ξ24 ) = JN (ξ)( ξ
2
)N
= (− ∂
∂ ξ
2
4
)NJ0(ξ) =
∞∑
n=0
(− ξ2
4
)n
n!(N+n)!
(− ξ2
4
)NEN( ξ24 ) = (− ξ2)NJN(ξ) = ( ξ
2
4
)N( ∂
∂ ξ
2
4
)NJ0(ξ)
The distributions for strictly negative nildimension N , i.e. with a Dirac
distribution on the light cone x2 = 0, are no spacetime D(2)-representation
matrix elements. One obtains for the irreducible spacetime representations the
D(2)-functions
xϑ(x2) 7−→ (m20; 1,−m23)(x) =
∫ d4q
iπ3
2q
(q2P−m20)(q2P−m23)2
exiq
= xϑ(x2)
[
m40E2(
x2m2
0
4
)−m43E2(
x2m2
3
4
)
(m20−m23)2
+
m23E1(
x2m2
3
4
)
m23−m20
]
The neutral elements, either for SD(2) or D(1), are defined by trivial masses
(m20; 1, 0)(x) =
∫ d4q
iπ3
2q
(q2P−m20)(q2P)2
exiq = xϑ(x2)E2(x
2m20
4
)
(0; 1,−m23)(x) =
∫ d4q
iπ3
2q
q2P(q
2
P−m23)2
exiq = xϑ(x2)[−E2(x
2m23
4
) + E1(x
2m23
4
)]
(0; 1, 0)(x) =
∫ d4q
iπ3
2q
(q2
P
)3
exiq = x
2
ϑ(x2)
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9 Associated Residual Distributions
Given a residual distribution I(q) = I0(q) for an irreducible representation of a
symmetric space (Lie group) G, singular distributions {IN(q)} using the same
pole locations, but with possibly different orders, are called I-associated resid-
ual distributions. The possibly different singularity orders of the associated
distributions will be characterized by integer nildimensions N ∈ ZZ.
Associated to the Dirac distribution for an irreducible Abelian group re-
presentation are its derivatives
{δ(N)(m− q)N = 0, 1, . . .}
{
m ∈ ZZ for irrepU(1)
m ∈ IR for irrepD(1)∫
dq δ(N)(m− q)etiq = ∮ dq
2iπ
Γ(1+N)
(q−m)1+N e
tiq = (it)Netim
For the selfdual Abelian groups one has as associatiated distributions for the
compact representations (always only where the Γ-functions are defined)
{ 1
iπ
q Γ(1+N)
(q2∓io−m2)1+N } with
{
m ∈ ZZ for irrepSO(2)
m ∈ IR for irrep (2,0)SO0(1, 1)∫ dq
iπ
q Γ(1+N)
(q2∓io−m2)1+N e
−ixq = −ǫ(x)( ∂
∂m2
)Ne±i|xm|
=
{ −ǫ(x)e±i|xm|, ∓ i x
2|m|e
±i|xm|, . . .
for N = 0, 1, . . .
± ∫ dq
iπ
|m| Γ(1+N)
(q2∓io−m2)1+N e
−ixq = |m|( ∂
∂m2
)N e
±i|xm|
|m|
=
{
e±i|xm|, − 1∓i|xm|
2m2
e±i|xm|, . . .
for N = 0, 1, . . .
and for the noncompact SO0(1, 1)-representations
{ 1
iπ
q Γ(1+N)
(q2+m2)1+N
} with m ∈ IR for irrep (1,1)SO0(1, 1)∫ dq
iπ
q Γ(1+N)
(q2+m2)1+N
e−ixq = −ǫ(x)(− ∂
∂m2
)Ne−|xm|
=
{ −ǫ(x)e−|xm|, − x
2|m|e
−|xm|, . . .
for N = 0, 1, . . .∫ dq
π
|m| Γ(1+N)
(q2+m2)1+N
e−ixq = |m|(− ∂
∂m2
)N e
−|xm|
|m|
=
{
e−|xm|, 1+|xm|
2m2
e−|xm|, . . .
for N = 0, 1, . . .
With respect to the sign of the nildimension N the residual distributions
are used for
nondecomposable group representations ⇐⇒ N ≥ 0
irreducible group representations ⇐⇒ N = 0
tangent representations (below) ⇐⇒ N ≤ 0
For compact groups strictly positive nildimensions cannot occur, they define
no functions on the group
for compact groups N ≤ 0
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Residual distributions with strictly negative nildimensions N = −1,−2, . . .
do not lead to G-representation matrix elements. They arise only for groups
where the rank is strictly smaller than the dimension.
Associated to the dipole distribution of an irreducible representation of the
spin group SU(2) and - for compact representations - of the position manifold
SD(2) are the following distributions
{ 1
iπ2
~q Γ(2+N)
(~q2∓io−m2)2+N } with
{
m ∈ ZZ for irrepSU(2)
m ∈ IR for irrep (2,0)SD(2)∫ d3q
iπ2
~q Γ(2+N)
(~q2∓io−m2)2+N e
−i~x~q = 2~x
r
∂
∂r
( ∂
∂m2
)1+N e
±ir|m|
r
= −~x
r
{
21∓ir|m|
r2
e±ir|m|, e±ir|m|, . . .
for N = −1, 0, . . .
± ∫ d3q
iπ2
|m| Γ(2+N)
(~q2∓io−m2)2+N e
−i~x~q = ∓2i|m|( ∂
∂m2
)1+N e
±ir|m|
r
=
{
∓2i|m| e±ir|m|
r
, e±ir|m|, − 1∓ir|m|
2m2
e±ir|m|, . . .
for N = −1, 0, 1, . . .
and to an irreducible noncompact position SD(2)-representation
{ 1
iπ2
~q Γ(2+N)
(~q2+m2)2+N
} with m ∈ IR for irrep (1,1)SD(2)∫ d3q
iπ2
~q Γ(2+N)
(~q2+m2)2+N
e−i~x~q = 2~x
r
∂
∂r
(
− ∂
∂m2
)1+N
e−r|m|
r
= −~x
r
{
21+r|m|
r2
e−r|m|, e−r|m|, . . .
for N = −1, 0, . . .∫ d3q
π2
|m| Γ(2+N)
(~q2+m2)2+N
e−i~x~q = 2|m|
(
− ∂
∂m2
)1+N
e−r|m|
r
=
{
2|m| e−r|m|
r
, e−r|m|, 1+r|m|
2m2
e−r|m|, . . .
for N = −1, 0, 1, . . .
The distributions with N = −1 lead to spherical waves e±ir|m|
r
and Yukawa
potentials e
−r|m|
r
and their derivatives which are no SU(2) and SD(2)-repre-
sentation matrix elements.
The distributions associated to an irreducible D(2)-representation include
as negative nildimension distributions
q Γ(3+N0+N3)
(q2
P
−m20)1+N0 (q2P−m23)2+N3
⇒


q
(q2P−m20)(q2P−m23)
, q
(q2P−m23)2
, N0 +N3 = −1
q
q2P−m20
, q
q2P−m23
, N0 +N3 = −2
10 Residual Subrepresentations
A representation of a symmetric space (Lie group) G contains representations
of subspaces (subgroups) H . How does this look for residual representations?
A residual G-representation with tangent space (Lie algebra) parameters
x = (xH , x⊥)
DI : G −→ IC, g(x) 7−→ DI(x) = ∫ dnq I(q)eiqx
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is projected to a residual H-representation by integration
∫
dn−sx⊥ over the
complementary space logG/H
DIH : H −→ IC, h(xH) 7−→ DIH(xH)
with DIH(xH) =
∫ dn−sx⊥
(2π)n−s
∫
dnq I(q)eixq =
∫
dsqH I(qH , 0)e
ixHqH
With the integration one picks up the Fourier components for trivial tangent
space forms (momenta) q⊥ = 0 of logG/H .
10.1 SO(2)×SO0(1, 1)-Subrepresentations in Spin-Position-
Representations
The SO(2)-subrepresentations in spin SU(2)-representations are given as fol-
lows
irrepSU(2) −→ repSO(2), d2x⊥ = d2x1,2
∫ d2x⊥
4π
∫ d3q
iπ2
~q Γ(2+N)
(~q2∓io−m2)2+N e
−i~x~q =
∫ dq
iπ
q Γ(2+N)
(q2∓io−m2)2+N e
−ix3q
= −ǫ(x3)( ∂∂m2 )1+Ne±i|x3m|
± ∫ d2x⊥
4π
∫ d3q
iπ2
|m| Γ(2+N)
(~q2∓io−m2)2+N e
−i~x~q = ± ∫ dq
iπ
|m| Γ(2+N)
(q2∓io−m2)2+N e
−ix3q
= |m|( ∂
∂m2
)1+N e
±i|x3m|
|m|
and the SO0(1, 1)-subrepresentations of noncompact position SD(2)-represen-
tations
irrepSD(2) −→ rep (1,1)SO0(1, 1)
∫ d2x⊥
4π
∫ d3q
iπ2
~q Γ(2+N)
(~q2+m2)2+N
e−i~x~q =
∫ dq
iπ
q Γ(2+N)
(q2+m2)2+N
e−ix3q
= −ǫ(x3)(− ∂∂m2 )1+Ne−|x3m|∫ d2x⊥
4π
∫ d3q
π2
|m| Γ(2+N)
(~q2+m2)2+N
e−i~x~q =
∫ dq
π
|m| Γ(2+N)
(q2+m2)2+N
e−ix3q
= |m|(− ∂
∂m2
)1+N e
−|x3m|
|m|
The vector dependence ~x
r
for the sphere is projected to two values ǫ(x3) ∈ {±1}
for the hemispheres.
10.2 Time and Position Subrepresentations in Space-
time Representations
The energy-momentum distribution used in the residual spacetime representa-
tions is the principal value part in the decomposition of a complex distribution
into imaginary and real part
± 1
iπ
q
(q2∓io−m20)(q2P−m23)2
= ± 1
iπ
q
(q2P −m20)(q2P −m23)2︸ ︷︷ ︸
spacetime D(2) → IC
+ 1
(m20 −m23)2
qδ(q2 −m20)︸ ︷︷ ︸
tangent translations IR4→ IC
which is also the decomposition for the representation matrix elements of
spacetime D(2) and its tangent space IR4. The integrated principal value part
has causal support whereas the integrated Dirac distribution for the particle
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pole gets both spacelike and causal support. The decomposition with respect
to the two singularities
1
(q2−m20)(q2−m23)2
= 1
(m20−m23)2
[
1
q2−m20
− q2−m20
(q2−m23)2
]
= 1
(m20−m23)2
(
1
q2−m20
− 1
q2−m23
)
− 1
m20−m23
1
(q2−m23)2
is not parallel with the representation of the factors in D(2) = D(12)×SD(2).
The projections to representation matrix elements of the manifold factors are
given by position integration for the causal group D(12) and by time inte-
gration for the position manifold SD(2) with Cartan subgroup SO0(1, 1), i.e.
by the Fourier transforms for trivial momenta ~q = 0 and trivial energy q0 = 0
resp.
∫
d3x : irrepD(2) −→ repD(1)∫
dx0 : irrepD(2) −→ repSD(2)∫
d2x⊥ : repSD(2) −→ repSO0(1, 1)
where one uses

∫
d3x
8π∫
dx0
2∫
d2x⊥
4π
∫
dx0
2

∫ d4q
iπ3
q Γ(3+N)
(q2P−m2)3+N
exiq = ( ∂
∂m2
)2+N
(
ǫ(x0) cos x0m
2~x
r
1+r|m|
r2
e−r|m|
−ǫ(x3)e−|x3m|
)


∫
d3x
8π∫
dx0
2∫
d2x⊥
4π
∫
dx0
2

∫ d4q
π3
Γ(2+N)
(q2
P
−m2)2+N e
xiq = −( ∂
∂m2
)1+N


sin |x0m|
|m|
2 e
−r|m|
r
e−|x3m|
|m|


This leads for irreducible spacetime representations to
∫ d3x
8π
(m20; 1,−m23)(x) =
∫ dq0
iπ
q0
(q20P−m20)(q20P−m23)2
ex0iq0
= ǫ(x0)
[
cos x0m0−cos x0m3
(m20−m23)2
+ |x0| sin |x0m3|
2|m3|(m20−m23)
]
∫ dx0
2
(m20; 1,−m23)(x) =
∫ d3q
iπ2
~q
(~q2+m20)(~q
2+m23)
2 e
−~xi~q
= −~x
r
[
2 (1+r|m0|)e
−r|m0|−(1+r|m3|)e−r|m3|
r2(m20−m23)2
+ e
−r|m3|
m20−m23
]
∫ d2x⊥
4π
∫ dx0
2
(m20; 1,−m23)(x) =
∫ dq
iπ
q
(q2+m20)(q
2+m23)
2 e
−x3iq
= −ǫ(x3)
[
e−|x3m0|−e−|x3m3|
(m20−m23)2
+ |x3|e
−r|m3|
2|m3|(m20−m23)
]
The measure of the invariants for an irreducible spacetime representation
for D(2) : ρ(M20 ,M
2
3 ) = δ(M
2
0 −m20)δ(M23 −m23)
is projected to measures for the representation of the two factors. The time
D(12)-subrepresentation with the measure
for D(12) : ρ0(m
2) =
δ(m2−m20)−δ(m2−m23)
(m20−m23)2
+
δ′(m2−m23)
m20−m23
contains matrix elements of reducible nondecomposable representations for the
nonparticle dipole at m23.
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The linear combinations occurring in the position SD(2)-projections of
spacetime D(2)-representations are matrix elements of measured SD(2)-re-
presentations involving the difference of two Yukawa potentials
2 e
−r|m0|−e−r|m3|
r
=
∫m23
m20
dm2 e
−r|m|
|m| =
∫∞
0 dm
2ϑ(m2 −m20)ϑ(m23 −m2) e
−r|m|
|m|
The measure for the SD(2)-subrepresentation reads
for SD(2) : ρ3(m
2) = −ϑ(m2−m20)ϑ(m23−m2)
(m20−m23)2
+
δ(m2−m23)
m20−m23
11 Residual Tangent Distributions
The residual tangent distributions for an irreducible symmetric space (group)
representation will be defined by the associated distributions with a simple
pole, i.e. for minimal negative nildimension N ≤ 0, and a trivial invariant.
They arise as the inverse differential operators in the Lie algebra action repre-
senting differential equations of motions.
The tangent IR distributions for the Abelian groups have trivial nildimen-
sions N = 0 - for the non-selfdual ones
logU(1) :
logD(1) :
}
δ(q) ∼= 12iπ 1q ,
∮ dq
2iπ
1
q
etiq = 1
for the selfdual compact representations
logSO(2) :
logSO0(1, 1) :
}
1
iπ
q
q2∓io ,
∫ d1q
iπ
q
q2∓ioe
tiq = ǫ(t)
and for the selfdual noncompact SO0(1, 1)-representations
logSO0(1, 1) :
1
iπ
q
q2+o2
,
∫ d1q
iπ
q
q2+o2
e−xiq = −ǫ(x)
For the nonabelian rank 1 spaces the residual tangent IR3 distributions
come with nildimension N = −1
logSU(2) :
logSD(2) :
}
1
iπ2
~q
~q2∓io−m2 ,
∫ d3q
iπ2
~q
~q2∓ioe
−~xi~q = −2 ~x
r3
and in the noncompact case
logSD(2) : 1
iπ2
~q
~q2+o2
,
∫ d3q
iπ2
~q
~q2+o2
e−~xi~q = −2 ~x
r3
They lead both to the Coulomb force with the Cartan subalgebra projection∫ d2x⊥
4π
2 ~x
r3
= ǫ(x3)
The residual tangent spacetime IR4 distributions have nildimension N0 +
N3 = −2
logD(2) : 1
iπ3
q
q2
P
,
∫ d4q
iπ3
q
q2
P
exiq = x
2
δ′(x
2
4
)
with projections


∫
d3x
8π∫
dx0
2∫
d2x⊥
4π
∫
dx0
2

∫ d4q
iπ3
q
q2P
exiq =
(
ǫ(x0)
2 ~x
r3
ǫ(x3)
)
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12 Defining Representations for Time, Posi-
tion and Spacetime
Spacetime, particles and interactions cannot be taken as separate concepts.
Spacetime is known via interacting particles and the interactions of particles
can be understood only in spacetime.
This connection will be translated into the mathematical language with
the concept of a defining representation, familiar from Lie groups. E.g., the
Lie group SU(n) is defined by the automorphisms of a vector space V ∼= ICn
compatible with a scalar product - the linear space and the operating group
merge in the concept of the defining representation.
In addition to one defining representation for some Lie groups there exist
fundamental representations which reflect the rank and the number of inde-
pendent invariants. E.g., the Lie symmetry SU(r + 1) one has r fundamental
representations whose highest weights are basic vectors for the ZZ-module with
all weights. The products of a defining representation may build the fundamen-
tal ones, e.g. in the case of SU(n) via the totally antisymmetric Grassmann
powers of the defining vector space.
12.1 The Harmonic Oscillator - Defining a Compact
Time
The irreducible time D(1) representation in the group U(1) as seen in the
quantization for creation and annihilation operators (u, u∗) of a harmonic Fermi
or Bose oscillator with frequencies ±m ∈ IR
D(1) ∋ et 7−→ etim = [u∗, u]± ∈ U(1)
defines a compact model for time with the invariant 1|m| as characteristic time
unit.
The adjoint action with the Hamiltonian as the represented Lie algebra
basis defines the time translations in the equations of motion 10
H = m [u,u
∗]∓
2
⇒
{
du
dt
= [iH, u] = imu, u(t) = etimu
du∗
dt
= [iH, u∗] = −imu∗, u∗(t) = e−timu∗
The operators are U(1)-isomorphic time orbits in the IC-isomorphic represen-
tation spaces
u, u⋆ : D(1) −→ V, V T ∼= IC
The product representations etim1etim2 = eti(m1+m2) generate the familiar
equidistant time weights (eigenvalues, frequencies) for the quantum oscillator
- {ZmZ ∈ ZZ} for Bose and {ZmZ = 0,±1} for Fermi which - for the
states - are projected on the positive values.
10u without argument means u(0), i.e. for the trivial translation.
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12.2 The Exponential Potential - Defining a Noncom-
pact Position
An indefinite unitary representation of the noncompact Procrustes dilatation
group SO0(1, 1) for dual operators (d, d
∗) of Fermi or Bose type with eigen-
values ±m ∈ IR
SO0(1, 1) ∋
(
e−x 0
0 ex
)
7−→
(
e−xm 0
0 exm
)
=
(
[d∗,d]± [d,d]±
[d∗,d∗]± ±[d,d∗]±
)
(x) ∈ SU(1, 1)
defines a faithful model for the position space Cartan subgroup SO0(1, 1) with
the invariant 1|m| as characteristic length unit.
The translations are implemented with the basis
D = im [d,d
∗]∓
2
⇒
{
dd
dx
= [iD, d] = −md, d(x) = e−xmd
dd∗
dx
= [iD, d∗] = md∗, d∗(x) = exmd∗
The operators are noncompact D(1)-isomorphic dilatation orbits in the IC-
isomorphic representations spaces
d, d∗ : SO0(1, 1) −→ V, V T ∼= IC
The product representations (convolutions) lead to exponentials with the
eigenvalues {zmz = 0,±1} for Fermi and {zmz ∈ ZZ} for Bose.
A representation matrix element of the symmetric space position model
SD(2) ∼= SL( IC2)/SU(2)
SD(2) ∋ e−~x~σ 7−→ −~σ~x
r
e−r|m| =
∫ d3q
iπ2
~σ~q
(~q2+m2)2
e−~xi~q = {ψ∗, ψ}(~x)
with Pauli matrices ~σ defines a noncompact position with a characteristic
length 1|m| (interaction range), implemented by IC
2-valued Pauli spinor fields
on the position manifold
ψA, ψ∗A : SD(2) −→ V, V T ∼= IC2, A = 1, 2
The Cartan subgroup SO0(1, 1) is represented by an indefinite unitary SU(1, 1)-
representation matrix element e−r|m|.
The product representations (convolutions) add up the noncompact invari-
ants {n|m|n = 1, 2, . . .} in the exponential and are multiplied with spherical
harmonics of degree {2J2J = 0, 1, 2, . . .} for the representation of the sphere
SO(3)/SO(2).
12.3 Defining Spacetime with Two Invariants
The representation matrix element
D(2) ∋ ϑ(x2)x 7−→ ∫ d4q
iπ3
2σjqj
(q2P−m20)(q2P−m23)2
exiq = ǫ(x0){Ψ∗,Ψ}(x)
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defines symmetric spacetime[19]. The two invariants m20 and m
2
3 characterize
time and position and give units for particle masses and interaction lengths.
The representation is implemented by IC2-valued Weyl spinor fields[6]
ΨA,Ψ∗
A˙
: D(2) −→ V, V T ∼= IC2, A = 1, 2
It involves two conjugations - a definiteU(2)-conjugation for the timeD(1)-
representation and an indefinite U(1, 1)-conjugation for the position SD(2)-
representation. Therefore only the particle pole can be endowed with an addi-
tional asymptotic positive unitary spacetime translation representation struc-
ture by adding a real on shell contribution via ± 1
iπ
1
q2∓io−m20
. A parametrization
with creation and annihilation operators has to take care of the indefinite con-
jugation involved.
The product representations of the defining spacetime representation will
give rise to product invariants which - in the case of an accompanying definite
unitary conjugation, can be identified with particle masses for bound states.
To carry out explicitly such a program, i.e. to compute a mass spectrum from
the spacetime defining two invariants, the representation characteristic ratio
m20
m23
has to be determined as well as the relevant normalization factors to be
used in the eigenvalue equations for the product representation invariants.
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